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ABSTRACT
The aim of present paper to establish some results of Triple Dirichlet average of M- Function [15], using fractional
derivative.
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INTRODUCTION
Carlson [1-5] has defined Dirichlet average of functions which represents certain type of integral average with respect

to Dirichlet measure. He showed that various important special functions can be derived as Dirichlet averages for the
ordinary simple functions likext,e* etc. He has also pointed out [3] that the hidden symmetry of all special functions
which provided their various transformations can be obtained by averaging x™,e* etc. Thus he established a unique
process towards the unification of special functions by averaging a limited number of ordinary functions. Almost all
known special functions and their well known properties have been derived by this process.

Recently, Gupta and Agarwal [10,11] found that averaging process is not altogether new but directly connected with
the old theory of fractional derivative. Carlson overlooked this connection whereas he has applied fractional derivative
in so many cases during his entire work. Deora and Banerji [6] have found the double Dirichlet average of e* by using
fractional derivatives and they have also found the Triple Dirichlet Average of x* by using fractional derivatives [8].
We can say that every analytic functions can be measured as Dirichlet average, using fractional derivative.

In the present paper the Dirichlet average of hyperbolic functions has been obtained.

DEFINITIONS
We give blew some of the definitions which are necessary in the preparation of this paper.

Standard Simplexin R",n > 1:
We denote the standard simplex in R™, n > 1 by [1, p.62].

E=E, = {S(ul‘uz, .....un) P U 20, Uy, 20, U Uy e +u, <1}

Dirichlet measure:
Letbh € C*, k > 2 and let E = E,_, be the standard simplex in R¥~1. The complex measure y, is defined by E[1].

1 _ _
du,(u) = @ufl Lo ....ui’i‘f "=y — o — Up_ )b tduy e e duy (2.2.1)
Will be called a Dirichlet measure.
Here
| (27 IS N 0.9
B = B(bh1,.......... = ,
(b) (b1, bk) T(by + oo +by)
Cs = {Z €z:z+0,|phz| < ”/2},
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Open right half plane and C5k is the k" Cartesian power of C.,

Dirichlet Average[1, p.75]:

Let Q be the convex set in C,, let z = (z, ......... ,Z) € QX k> 2 and let u.z be a convex combination of
Zq) cee e e ,Zy. Let f be a measureable function on Q and let yu;, be a Dirichlet measure on the standard simplex E in
R¥~1 Define

P, = [ e 2dm @) 23)

E
We shall call F the Dirichlet measure of f with variables
Z = (Z1, cereee oen ,Z,) and parameters b = (bq, .. «o. ... . ).
Here
k
u.z = Zuizi andup =1 —uy — oo oo . —Up_q,

=1

Itk = 1, define F(b,2) = f(2).

Fractional Derivative [9, p.181]:

The concept of fractional derivative with respect to an arbitrary function has been used by Erdelyi [9]. The most
common definition for the fractional derivative of order « found in the literature on the “Riemann-Liouville integral”
is

1 z
DE&F(z) = mj F(t)(z—t)* dt (2.4)
0
Where Re(a) < 0 and F(x) is the form of x? f (x), where f(x) is analytic at x = 0.

M — function [15]:
We give the new special function, called M — function, which is the most generalization of New Generalized
Mittag-Leffler Function . Here, we give the notation and the definition of the New Special M — function [15],

introduced by the author as follows:

o0

. (@dn  (ap) W (8), kT .k (ct)*VIa=b-1
a.B.y.8,pnnkirkpl,.lgic _ /)y n K1 D
Mg ®) = Z (b .. (bq)n (P 712 0T ((n+p)a—B)

(2.5)
n=o
There are p upper parameters a; a, ...a, and q lower parameters by b, ...bg,a, B, v,6,p € C,Re(a) > 0, Re(f) >
0, Re(y) >0, Re(6) >0, Re(p) >0, Re(ay —B) > 0and (a;) (b;), are pochammer symbols and ki, ...k,
l;, ...lzare constants. The function (1) is defined when none of the denominator parameters b;s, j = 1,2,..q is a
negative integer or zero. If any parameter a; is negative then the function (1) terminates into a polynomial in (¢).

Average of “# ‘y"s”;Msl""k”’ll""lq;c(t) (from [16]):

let u” be a Dirichlet measure on the standard simplex E in R*~1; k> 2. For every z € C*

S(b,z) = f “Broope i (4 7y dpy, (W) (2.5)
E
Ifk=15= (b,2) = a,ﬁ,y,&,gM;q,...kp,lL...lq;c(u. 2).
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Triple averages of functions of one variable (from [1, 2]): let z be species with complex elements z; .. Let u =
CT7H U, V= (V1 s cve e . Upy) aNd w = (wy, ... ... ... ..wy,) be an ordered I-tuple, m-tuple and n-tuple of real
non-negative weights ¥ u; = 1, ¥ v; = 1, and ¥ w;, = 1 respectively.

We define
I m n
U.zZ.v.w = ZZZuizijkijk (26)

i=1 j=1k=1
If z, is regarded as a point of the complex plane, all these convex combinations are points in the convex hull of
(Z11) eor vee e Zy,), denote by H(z2).

Let u = (uq, .. .. ... ) be an ordered [ -tuple of complex numbers with positive real part (Re () > 0) and similarly
for(a=a; ... ay)and B=(f,..... Br)- Then we define dmy, (u), dm,(v) and dmg(w) as (2.2.1).

Let f be the holomorphic on a domain D in the complex plane. If Re(u) > 0, Re(a), Re(B) > 0andH(z) < D, we
define

F(,Ll, Z,Q, .8)

= ff J- a’ﬁ'y'a‘ZMsl""kp'll""lq;c(u, z,v,w) dm, (W) dm,(v) dmg(w) (2.7)
Ri(u,z,a,B) = J (u,z,v, W)tdm#(u) dmgy(v) dmg(w) (2.8)
S(u,z,a,B) = f (e)“#*¥ dm, (u) dmg(v) dmg(w) 2.9

Main Results and Proof
Theorem: Following equivalence relation for Triple Dirichlet Average is established for (I = m =n = 2) of

@By 8.pmnkrdply dgic
By qu PR (u, z, v, W)

, ) ~ Tu+u) ) 8 pn K,k ly g _
Sp'sz ) = —p = (x=y)" DA P OEMG R (g — yyund (3.1)

Proof:

@By, pngkiKpla,lgic
Mg

Let us consider the triple average for ({ = m =n = 2 of (u.z.v.w)

11
r BY.8,pna kKl g
Sz, B, 1) = ff aﬁMZMql PR (0, 2 v w)dmy, (W)dmy, o (v)dmpg gr(w)
00
_ i (@n - (ap)n n (&) kT k;l (C)(n+y)a—ﬁ—1
L (b (bg), (P 117 nT((n+7)a—p)
Re(u) = 0,Re(4) = 0,Re(a) > 0, Re(a’) > 0,Re(B) > 0,Re(f) > Oand

2 2 2 2
U.zZ.v.w = Z Z Z UiZiji VWi, = Z [uivj(Zij1w1 + Zijow,)]
—

i=1j=1k=1 i=1 j=1
2
U.Z.V.W = Z[ui(v1zi11w1 + V1Zi12Wy + V2Ziga Wy + VaZizaWo)]
i=1
U.Z. VW = [UgV1Z111 W1 F+ U V1Z113Wy F U U3 Z19 Wy F U VUpZ102 Wy + UV Zo Wy
FU V1 Zo12Wa + UpViZag Wy + UpViZppo Wy

11
ff[u. z.v.w]E gm0 (Wdmg, o (v)dmg g (w)
00

N

let in first species zy1; = @, 2112 = b, 2131 = C,Z1,;, = d and second species
Zy11 = €,Z212 = f1Z221 = 9,222 = h
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U =u, u,=1-u
and { v, =, v,=1—-v

wy =w, w,=1—w
such that

uzvw=[uwwl@a—b—-—c+d—-e+f+g—h)+uvb—-d—-f+h)
+vw(e—f—g+h)+wulc—d—g+h)+uld—h)+v(f—h)+w(g—h)+h]

T(u+y '
dmy, ,(u) = %u”_l(l —w)* du
MNa+a /
dmg o (V) = ﬁv“‘l(l —v)*1dv
r(g+p") '
vow) = —P TP p1eq Bt
dmg gr(w) Ve wPH (1 —w) dw

Putting these values in (3.2), we have,

F(u+u)T+p)TB+B)
TuTy  Tplp’ TRTR’

i (@), - (ap)n Dn (8)p kP k2 (o) +1Ia—p-1

On (b)), P G-I mT((ntp)a P
+uv(b—d—-f+h)
+vw(e—f—g+h)+wulc—d—g+h)+uld—h)+v(f —h)+w(g —h) + h]M+a-h-1

X uh1(1 — WH Ldu v (1 — v)* “tdv wh1(1 — w)F ~ldw (3.3)
In order to obtained the fractional derivative equivalent to the above integral.

Swusz;aa,B,B) =

n=o

)fff[uvw(a—b—c+d—e+f+g—h)
000

Case-1:
Ifa=x,e=y,b=c=d=f =g =h=0then we have
) s oo Tu+p)T+p)TB+pB)
S(ﬂ,[l ,Z,a,a',ﬁ,ﬁ)— FH F[,l’ Fpl"pl Fﬁl"ﬁ!
i (@) - (@) P (8)p kT kD (c)W+1Ia—h-1
(b)y (bq)n (P 1712 niT((n+ p)a — ﬁ)
— w1 pa-1(1 — )@ -1 wh-1(1 — w)F ~dudvdw
Using the definition of beta function and due to suitable adjustment we arrive at
(@n(B)n  Tu+u)
S( ’ ’;Z;ala’I ’ ’)= 12 I 1
pelt3 56 & BB = G ) B+ B T Tu
i (@dn - (@) P (8) kT kD (c)W+1Ia—h-1
(b)) - (bg), (P U1 T ((n+ V) = B))
(@)n(B)n
(@a+adn(B+B)n

By using the definition of fractional derivative we get,

111

f f f[uvw(x —y) + vwy]| a1y k=1(q
000

n=o

[ux + (1 — w)y] a1 yu=1(1 —y)u' gy

n=o

Sz aa,B,B') = S(u,u';x,y) 34

Sz aa,B,8")

! =1 By, pnakLkpla, - lgic
(x _y)l HoR Dx—y qu P ! (X)(X

_ (@)n(Bn T(u+p)
(@+a)nB+B)n Tu
-yt (3.5)
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This is complete proof of (3.1).
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